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A method is developed and validated for the determination of approximate values of loss factors and frequencies of
rectangular plates with general boundary conditions, fully covered on one side with a constrained layer damping
treatment. The method, referred to as the method of equivalent lengths, is an extension for use on plates of the
commonly used practice, through eigenvalue replacement, of applying the Ross, Ungar, and Kerwin analysis to the
prediction of loss factors for beams with other than simply supported ends. Application of the method requires only
that the modulus, thickness, and density of the substrate, constraining layer, and shear layer be known, as well as
either the eigenvalue or natural frequency for the plate of aspect ratio and boundary condition to which the
constrained layer treatment is to be applied. Predictions of the method are compared with results obtained by finite
element methods for plates with various boundary conditions, including those with zero, one, two, three, and four free

edges.

Nomenclature

A B, C = amplitudes of displacement

AR = aspect ratio, a/b

a = length of plate

b = width of plate

C,F,S = boundary condition: clamped, free, or simply
supported

D = bending stiffness of bare plate

D, = stiffness of parallel plate and constraining layer,
uncoupled

dy = defined dimensionless quantity

Es,Ec = Young’s modulus: substrate beam or plate,
constraining layer

G*, G = shear modulus: complex value, real part

g* = dimensionless complex shear parameter

g* = dimensioned complex shear parameter

K, = dimensioned eigenvalue of plate

L, Lgq = length of simply supported plate

n,m = mode indices for simply supported beam or plate

DPns 9 = wave numbers for simply supported plate

S; = axial stiffness of substrate or constraining layer

ts, te = thickness: substrate beam or plate, constraining
layer

Uc, V¢ = in-plane displacements of constraining layer

Ug, Vg = in-plane displacements of substrate plate

w = transverse displacement of plate and constraining
layer

X,y = coordinates

Y = dimensionless coupling coefficient
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du, v = constraining layer displacements relative to
substrate plate

IMAT = loss factor of shear layer

Nsys = loss factor of system

A = dimensionless frequency

v = Poisson’s ratio of plate and constraining layer

Ps», Pc, Py = densities of substrate, constraining layer, and
shear layer

(P grr = mass per unit area of plate, constraining layer, and
shear layer

10} = complex frequency of system

N = real frequency of uncoupled system

R{} = real part, operator

RIS = imaginary part, operator

Superscript

time derivative, operator

1. Introduction

LTHOUGH suitable determinations of the loss factors and

frequencies of rectangular plates with constrained layer
damping treatments (CLDT) can be obtained through the use of a
finite element analysis (FEA), the need to reconfigure a finite element
model for each candidate set of parameters often makes it impractical
to use FEA in the initial design of a CLDT. In consequence, there
exists a need for a means of quickly obtaining suitable estimates so
that design parameters may be selected to identify a near optimal
configuration, which can then be refined through a limited number of
computations using FEA. It is the objective of this work to develop
such an approximate method.

With some preliminary work having been done by Plass [1] on
symmetric sandwich plates with thick viscoelastic cores, the
comprehensive analysis applicable to constrained layer damping
treatments for the control of structural vibration of beams was
presented in 1959 by the team of Ross, Ungar, and Kerwin (RUK)
through a series of three papers. It is the last [2] of these that spawned
extensive application. The classical RUK analysis for the
configuration shown in Fig. 1 is limited in applicability to beams
with simply supported ends.

However, within the classical assumptions and limitations,
namely, that the longitudinal inertia is negligible, shear deformations
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Fig. 1 The constrained layer damping treatment.

in the beam and constraining layer are negligible, the thickness of the
shear layer remains constant, the strain energies due to extensions in
the shear layer are negligible, the shear strain is uniform through the
thickness of the shear layer, and all bonds are perfect; the system may
be represented by a single differential equation of sixth order for the
longitudinal deformation of the substrate or the constraining layer
[3], or by a single sixth-order equation for the beam deflection [4].
Finally, Rao [5] applied Hamilton’s principle to identify those
boundary conditions that are consistent with the sixth-order
differential equation for deflection. Rao [5] has also given analytical
expressions, obtained from curve fits to computed data, which may
be used to obtain loss factors for treated beams with general boundary
conditions. However, these approximations are limited in
applicability to values of loss factors for the damping layer that are
much smaller than those in general practice.

As the application of the “exact” solution resulting from the Rao
formulation for the beam is extremely difficult to apply in the case of
the more general beam boundary conditions, an approximate
technique has been accepted [6]. This is applied by replacing, in the
RUK solution, the first eigenvalue of the simply supported beam with
the eigenvalue for the beam mode of interest. This process may also
be viewed as applying the RUK analysis to that simply supported
beam of such length as to have the same frequency as that of the beam
of length and boundary condition of interest. The loss factor
predicted by the RUK theory for the treated simply supported beam
of equivalent eigenvalue (or equivalent length) is then taken as an
estimate of the loss factor for the desired configuration.

In the case of the plate with CLDT, the classical assumptions of the
RUK theory may be applied and a sixth-order equation in two spatial
variables developed. This was accomplished for the symmetric
sandwich plate by Mead [7], and more generally, by Abdulhadi [8]
and by Mead [9]. Rao and Nakra [10] have given the general
boundary conditions.

Abdulhadi [8] hypothesized that, for a given CLDT configuration,
the loss factor would depend only on the eigenvalue of the plate upon
which it is mounted. However, he offered no justification or
validation. Mead [9] noted the similarity between the solution for the
treated plate with two opposing edges simply supported and the
solution for the treated beam having the same boundary conditions as
those of the other two edges of the plate. This suggests the possibility
that a plate with a CLDT and any boundary condition might be
related to an equivalent beam of some boundary condition. Then, by
relating that equivalent beam to a simply supported beam of
equivalent length, an approximate solution for the loss factor of a
plate of any general boundary condition might be obtained from the
RUK solution for a simply supported beam. Throughout this
sequence, the properties, that is, the modulus, thickness, and density
of each layer (substrate, constraining layer, and shear layer) would be
retained.

This hypothesis will be explored in the remainder of this work.
First, the equations of motion for a plate with CLDT will be given. It
will then be shown that the solution for the loss factor of the simply
supported plate is identical in form to that of the simply supported
beam ensuring, in this case, the existence of an appropriate
equivalent length. Itis then hypothesized that the loss factor of a plate
with CLDT and general boundary condition are the same as the loss
factor of a simply supported plate with the same CLDT, but of such
dimensions as to have the same eigenvalue. The length of the simply

supported beam that is equivalent to that simply supported plate is
then found, and the RUK solution is applied to that equivalent beam,
using the original parameters for the CLDT. The resulting loss factor
is then taken as that of the original plate. An estimate of the frequency
is also obtained. This process, for brevity, will be termed the method
of equivalent lengths (MEL).

The validity of this approach will be evaluated by comparing the
results of such MEL predictions to values of system loss factor and
frequency found by finite element methods. Rectangular plates with
several boundary conditions and CLDT having thin constraining
layers and thin shear layers of unit loss factor will be considered.

II. Plates with Constrained Layer
Damping Treatments

The equations of motion for a plate of Eg and g, a constraining
layer of E. and 7, and a shear layer of G* = G(1 + jnyar) and ty
may be found by invoking the customary assumptions of the RUK
theory (see above). The strain energies included are only the
following: 1) that due to bending about two axes; 2) that due to axial
extension in the plate and constraining layer in two orthogonal in-
plane directions; and 3) the strain energy due to shear in the shear
layer. The total strain energy may be then written in terms of the plate
deflection w(x, y, f), two components of in-plane deformation in the
plate, ug(x,y,f) and vg(x,y,7), and two components in the
constraining layer, uc(x, y, t) and vc(x, y, t). Hamilton’s principle
may be applied and, if the kinetic energies due to rotations and in-
plane displacements are also neglected, leads to a twelfth-order
system of five differential equations: one of fourth order and four of
second, together with appropriate boundary conditions. The details
of this development are given in [10].

If it is then further assumed that the Poisson’s ratio v of the plate
and the constraining layer are the same, the system may be reduced to
an eighth-order system in three variables: the plate deflection,
w(x,y,1), and the in-plane deflections of the constraining layer
relative to the plate, that is,

su(xvy’t):uC(xﬁyvt)_uS(xvyvt) (1)

8v(x’y7t)=vc(x¢)77t)_US(x’yvt) (2)

The resulting eighth-order system of three differential equations is

04 04 04 a6 02
D, (—w +2 20 4 —w) - G[—” + dvtva—xlf]dv

ox* x29y*  ay* ax
a8v 0w 0?w
- G[Ty + dyty Tyz]dv + (p[)T(W) =0 3)

SO (L DYt aye, 2] 4
tv SC SS Vvax 3x2

— 2 2
(1—v)d*u  (1+v)d*v _o @
2 0y? 2 Oxdy
Gy, (1 1 dw]  9*v . (14 v) d*Su
ty (Sc * Ss) |:8v vty 8y] * ay? * 2 Jydx
(1—-v) v
2 9 ®)
where
E;f}
D=3 12(1 - %) ©
g = E;t; @
T =2
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with “i” denoting either the substrate beam or constraining layer, and
dy =1+ (ts+1c)/2ty ®)

The total mass per unit area is (pt); = psts + pctc + pyty. These
equations were obtained by taking the shear modulus to be a real
quantity. The viscoelastic correspondence principle [11] is then
invoked and the real valued G replaced by the complex modulus
G* =G(1 + jnmar)-

After introducing certain combinations of system parameters,

LG (11
&= ty (Sc+5s) ©)
(tydy2 (1 1)~
Y= —+ — 10
D, \s.'5; (10)

the equation for plate bending , Eq. (3), may be rewritten as

.. Y Jodu dsv] . () (3w
4 o _ — | — o* 2 — ) =
Viw gdvtv[8x+8y] gYVw+ 5 ) =0
an

After differentiating Eq. (4) with respect to x and Eq. (5) with respect
to y and adding the two equations, we find that

g (d6u dév . 1 [0d6u = dbv
_ e e *VZ Vz - | =
tvdv(Bx + dy g VW tydy | 0x + dy 0

(12)

As the in-plane displacements now appear in both Egs. (11) and (12)
only through the operator divergence(u. — uy), the two equations
may be combined to obtain a single sixth-order partial differential
equation for the transverse deflection of the plate with CLDT.

~ (o1)r Fw -, (pO)r (Fw
Vow — g*(1 + ¥) V4 v(Z5) - )=
w=g 1+ Vi + D, 0 § D, \ o 0

13)

For equal plate and constraining layer properties, Mead’s sandwich
equation [7] is recovered. For the case of equal Poisson’s ratios, the
result is identical to that which Abdulhadi [8] obtained by a different
analysis. If the variation of the displacement in one coordinate
direction is suppressed and Poisson’s ratio is set to zero, the equation
collapses to that given by Rao [5] for the beam with constrained layer
damping treatment.

III. Method of Equivalent Lengths

A. Simply Supported Plates

We consider first arectangular plate of side lengths @ and b, simply
supported on all edges. With the choice of displacement functions for
synchronous harmonic oscillation at o of

w = Assin(p,x) sin(q,,y) cos(wt) (14)
du = u, — u, = Bcos(p,x) sin(g,,y) cos(wt) (15)
v = v, — v, = Csin(p,x) cos(g,,y) cos(wr) (16)

where p, = nn/a and g,, = mn/b, Eqgs. (11) and (12), are both
satisfied, as are the conditions of zero moment and transverse
displacement at the edges. However, the assumed displacements are
appropriate only if the in-plane forces on the ends of the constraining
layers are zero. Substitution of Eq. (14) into the sixth-order equation,
Eq. (13), shows that the complex valued frequency must satisfy

? Yg*
i | 17
0 ( +1+g*) 4

The quantity

D 2

2 1 2 2

wy = Pt an (18)
0 (,ot)T( )

is the frequency of the nth, mth mode of bending vibration of two
simply supported rectangular plates having the properties and
dimensions of the substrate plate and the constraining layer, but
maintained at constant separation without in-plane forces. The
parameter Y is as given by Eq. (10) and

. g* G*( 1 1 1 —?
$ ZW=T(E VEn) ey
n m 1% ctc St (pn + qm)
The loss factor of the system is found from

Mo ey Y3/ +gY))
1Y = R Jady 1+ YRig /(1 + g%))

(20)

Because the value of the coupling parameter, Y, is independent of
Poisson’s ratio and boundary condition, it is the same for a beam and
aplate having the same CLDT. Setting sin(g,,y) = 1 in Eq. (14) and
substituting into Eq. (13) with v = 0 leads to the shear parameter for
the simply supported beam of length L as

*| = < : + : 21
§ Toeam = ty(nw/L)* \Ectc ~ Ests

As the lateral dimensions of the plate do not appearin Y, Eq. (20) will
yield the same loss factors as for a simply supported beam with the
same CLDT if the values of g* in Egs. (19) and (21) are the same.
This requires that the simply supported beam vibrating in the first
mode have Lg that is related to the dimensions and mode numbers
of the plate by

2 1 2.2 2 2
bia |:nn mn] 22)

I, 1-vle T

The frequency of the plate with CLDT may also be related to the
frequency of the beam of equivalent length. After writing Eq. (17) for
the plate and for the beam, taking the ratio, and then noting that the
values of g* for the plate and the equivalent beam of the same
damping have been made to be equal, the real (observable) frequency
of the plate with CLDT is found to be related to that of the equivalent
beam with CLDT through

@ e
R {w|plate} = w |p - 5R{a)'beam} (23)
0 |beam

Because the frequency of the beam and constraining layer with
g* = 0, but maintained as parallel without in-plane force, is

3 3 4
05 loeam = Esto + Eele (7 (24)
e 12(ph)grr Lgq

and that of the plate and constraining layer similarly uncoupled by
the shear layer is

Ests + Et} nm\?  (mm\*]?
V) — S's Ctc s e 25
e = 5o (o) +(5) ] @
the ratio of frequencies of the (real) uncoupled systems may be found
after substituting Eq. (22) into Eq. (24). Then, upon substitution of

the resulting ratio into Eq. (23), we find that the real (observable)
frequencies of the plate and the equivalent beam are related through

R {w|plate} = (l - Uz)l/zm{w|beam} (26)

Thus, the equivalent simply supported beam with the same CLDT
has the same loss factor, but a slightly higher frequency, than does the
original simply supported plate.
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B. Plates of More General Boundary Conditions

Approximate loss factors for beams with CLDT and any boundary
condition are commonly [6] estimated by using the RUK solution for
the simply supported beam with the dimensional eigenvalue nx/L
replaced by the dimensional eigenvalue for the boundary condition
of interest. We hypothesize that this practice may be extended to
rectangular plates by replacing the squared dimensional eigenvalue
of the simply supported plate (n7/a)? + (mm/b)? with that of the
plate having the boundary condition of interest. Using this value to
replace the eigenvalue of the simply supported plate in the right-hand
side of Eq. (22), we arrive at the equivalent length of a simply
supported beam vibrating in the first mode. Using this length with the
parameters of the CLDT for the plate of interest, the RUK solution
then leads to approximate values for the frequency and loss factor of a
rectangular plate with CLDT and any desired boundary condition.

As used here, K, are the dimensional quantities arising from
solving the plate equation, Eq. (13), with g* set to zero.

D1V4U)(X, y9t) + (/Oh)EFFw(xvy’t) =O (27)
After a separation of variables, w(x, y, t) = W(x, y) exp(jowt),

V4W(X,)’) — K= (ph)grr

- Sn wZ (28)
W(x,y) D,

As the nature of the boundary conditions for the plate are such as to
preclude obtaining analytical solutions for rectangular plates in all
but a few special cases, namely those in which two opposing sides are
simply supported [12], explicit expressions for the eigenvalues are
obtainable only for these special cases. For other boundary
conditions, frequencies are found by numerical means for specified
values of aspect ratio and Poisson’s ratio. But the eigenvalues may be
deduced from such results. For example, in the notation of Leissa
[13], dimensionless frequencies are given as values of the quantities
) = wa?/p/D which, through comparison with Eq. (28), are seen to
be related to the required dimensional eigenvalues through

K2 =w\/p/D = A/a? (29)

To summarize the method of equivalent lengths; given a plate with
CLDT of known configuration, that is, the moduli, thicknesses, and
Poisson’s ratio of the substrate and constraining layer, and the
complex modulus and thickness of the shear layer, we first compute
the parameters Y and g* as given by Egs. (9) and (10). Then, for the
desired boundary condition and mode, we determine the dimensional
eigenvalue for the plate mode and geometry of interest and substitute
it for the dimensional eigenvalue of the simply supported plate in the
right factor of Eq. (22) to find the length of the equivalent simply
supported beam from

L T “

We then use this to evaluate the loss factor from Eq. (20), with
g =8 (Lpg/n)* =g*(1-V")/K; €)Y

The frequency of the plate is found from Eq. (26) after finding the
frequency of the equivalent beam. From Eqs. (17) and (24), this is

Yg*
R {Dpeam = 0 peam N 1+
{Oremdia = oohen ] /1 + 5]

Egt + ECt3C( K? ) { Yg* }
= ,/ R+ 32
12(ph)gee \1 —0? 1+ g* G2)

Note that this frequency differs slightly from that obtained the
common practice of taking the real frequency to be the square root of
the real part of the squared complex frequency, rather than the real
part of the square root.

IV. Validation

To evaluate the effectiveness of the method of equivalent lengths
in estimating the loss factors for plates with constrained layer
damping treatments and arbitrary boundary conditions, a finite
element representation of the plate with CLDT was used. Loss
factors and frequencies were determined from the complex
eigenvalues as determined with Nastran 2004, using three-
dimensional, eight-noded solid brick elements (CHEXA) with each
node having three transnational degrees of freedom.

Material parameters used were as follows: For the substrate plate
and constraining layer, Young’s modulus (E., Eg) was taken as
10 Mpsi (69 GPa), Poisson’s ratio (v) as 0.33, and the weight density
(oc pg) to be 0.1 1b/in? (2730 kg/m?). The thickness of the plate
(tg) was taken as 0.060 in. (1.524 mm); and that of the constraining
layer (¢.) as 0.005 in. (0.127 mm). The shear (damping) layer was
taken (#y) as 0.005 in. (0.127 mm) thick, with loss factor (yat) of
1.0 and a weight density (py) of 0.035 1b/in.* (956 Kg/m?). The
real part of the complex shear modulus (G) was taken as 100 or
300 psi (0.69 or 2.07 MPa), as necessary to produce maximum
damping within the range of modes considered. The same value was
used at all frequencies. The length, a, of the plate was taken as 7 in.
(178 mm), and various aspect ratios (AR = a/b) between 0.5 and 3.5
were considered. The CLDT was taken as fully covering the plate on
one side only.

As the plate length was held fixed, and square elements (side
length é in. or 4.23 mm) were used in all cases, the number of
elements varied from 1512 at AR = 3.5 to 10,584 at AR = 0.5. As
one element was taken through the thickness of each layer, the
element aspect ratio in the shear and constraining layers was 33.3,
and less than 3 in the substrate. In the case of a free or simply
supported edge, both components of the in-plane displacement were
allowed to develop freely. In the case of a clamped edge, both
components were fully restrained. For a clamped or simply
supported edge, the transverse displacement of the base plate was
restrained. Further details of the finite element model (and its
validation) are given elsewhere [14].

Loss factors were obtained from the complex eigenvalues found
through a finite element analysis, rather than by using the method of
modal strain energy, as it is well established [14] that the latter
method leads to significant overpredictions of system loss factors
when shear layer materials have loss factors in the range of greatest
interest, that is, Nyt = 1. It was also demonstrated, however, that
loss factors and frequencies for the first six modes of the cantilever
beam, when extracted from complex frequencies found by a finite
element analysis, are in satisfactory agreement (within 3%) with
Rao’s exact solution. FEA was found to lead small underestimates of
loss factors and small overpredictions of frequencies.

For each of six combinations of plate boundary conditions, plates
of several aspect ratios were considered. Each combination of
boundary condition and aspect ratio results in a multiplicity of modes
with different frequencies and nodal patterns. Frequencies and loss
factors were evaluated for all such modes having frequencies less
than (about) 3 times the frequency of maximum damping for that
particular combination of boundary condition and aspect ratio.

A. Simply Supported Plates

As the plate simply supported on all four sides (SSSS) was seen to
collapse to the RUK solution for the simply supported beam, loss
factors and frequencies obtained by finite element analysis (FEA)
should coincide with results from the RUK analysis. Such a
comparison is shown in Fig. 2. Results coded CE (complex
eigenvalues) were obtained by Nastran, with the loss factor
computed from the complex eigenvalues. Results coded MEL were
obtained by the RUK solution, with the equivalent length for each
mode and aspect ratio determined from Eq. (22). Results from the
MEL solution fall on the solid line for all modes and all values of
aspect ratio.

In general, the loss factors from finite elements are typically
somewhat lower than those from the MEL solution. Although the
agreement is quite satisfactory for the first several modes of the
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SSSS (G = 2.07 MPa, 300 psi)
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Fig. 2 Loss factors for simply supported plates as predicted by FEA
and MEL solutions.

square plate, more significant differences are seen for higher modes.
In the case of the square plate, the agreement between the numerical
values and those from the extension to the RUK solution is found to
be quite good for the modes having nodal lines in only one direction,
and not as good for others. Agreement for the square plate CE-1 is
somewhat better than in the results for the higher aspect ratios, coded
CE-2 and CE-3.5. In general, agreements between the two
predictions were seen to diminish with increasing complexity of
mode shape.

Values of the loss factor for the first six flexural modes of a simply
supported square plate with thick core and thin face sheet have been
given [15] by Cupiatl and Niziot and compared with results obtained
[16] by Rao and Nakra. Application of the MEL to the same
configuration was found to lead to loss factors differing by no more
than one unit in the third significant digit from these previously
obtained results. Cupial and Niziol have also given [15] a
comparison of loss factors and frequencies for five modes of a simply
supported symmetric sandwich plate with thin core. Loss factors
obtained by the MEL were found to be identical; frequencies found
by the MEL, using Eqgs. (26) and (32), were found to be higher by
about § and 1 %, respectively, than the previous results.

As the MEL is based on an adaptation of the RUK solution, in the
case of the simply supported plate it should represent the exact
solution to within the assumptions of the RUK theory. Thus,
discrepancies must either be attributed to an inability of FEA to
effectively model the CLDT, or to inadequacies of the RUK solution.
To verify again that the discretization was adequate, the calculation
for a/b = 2 was repeated with the number of elements doubled in
both directions. The use of smaller elements also reduced the aspect
ratio of the elements modeling the thin shear layer from 33 to 16.5.
The loss factors for the first six modes evaluated (the triangular data
points in Fig. 2) were found to change by less than 0.5%. That the
FEA predictions are lower is believed to be a consequence of the
simplified RUK displacements. Loss factors for the cantilever beam
obtained by FEA have been found [17] to be lower than those
computed from Rao’s exact solution [5], which is exact to within the
classic assumptions.

This comparison suggests that the differences between the MEL
solution and the results obtained from FEA are due to the inability of
the simplified displacement fields used in the classic RUK solution to
adequately describe the displacement fields occurring in the higher
modes of plate vibration, even in the case of simply supported edges.
As better agreements should not be expected from applying the MEL
to obtain approximate solutions for other boundary conditions, it
would appear that agreement between results from the finite element
analysis and from the method of equivalent lengths should not be
expected to be any better than about 15%, and that overpredictions of
loss factors may generally be expected.

B. Simply Supported Ends, Clamped Sides

Perhaps the simplest example (other than SSSS) of a rectangular
plate having no free edges is that for which the ends (x =0 and
x = a) are simply supported and the sides (y =0 and y = b) are
clamped (SCSC). As the solution is separable, Voigt’s method [12]
may be applied. The transcendental equation for the eigenvalues as

SCSC ( G = 2.07 MPa, 300 psi)

o CE05 & CE1 a CE2 —MEL‘
0.08 |
~ 0.06
5 “)&ﬂ%
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L 004 N
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0.00
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Fig. 3 Loss factors for simply supported-clamped plates (SCSC) as
predicted by FEA and MEL solutions.

given by Leissa [13] was developed and solved numerically for three
values of aspect ratio: a/b =1, a/b =1, and a/b = 2. In this case,
the eigenvalues are independent of Poisson’s ratio. Equivalent
lengths, as determined with these eigenvalues and Eq. (30), were
used in the RUK solution to obtain loss factors and frequencies. The
results are compared in Fig. 3 with the results from CE as found by
FEA for plates of several aspect ratios.

The agreement at an aspect ratio of % is particularly good, but the
agreement decreases with increasing aspect ratio, with discrepancies
approaching 30% for an aspect ratio of 2. In view of the fact that the
end condition for the constraining layer in the RUK solution is not a
true match of the clamped end, agreement at a/b = 1 is surprisingly
good. The much poorer agreement at /b = 2 may be a consequence
of the increased influence of the clamped edges on the transverse
displacements. The first mode with longitudinal nodal line appears
fora/b = 2 atjustbelow 3000 Hz. The increased complexity of such
modes appears to increase further the discrepancy between the results
of the two calculations.

C. Simply Supported Plate with Free End

The solution for the plate with the end (x = 0) and sides (y = 0 and
y =b) simply supported, but with a free edge (x = a) is also
separable (SSSF), and Voigt’s method may again be used to obtain
the transcendental equation for the eigenvalues. Because of the
inclusion of a free edge, the boundary conditions (and the
eigenvalues) are dependent on the value of Poisson’s ratio. The
transcendental equation as given by Leissa [13] was developed and
solved numerically for the eigenvalues. Over 150 were computed for
v = 0.33 and several aspect ratios. These were used to determine loss
factors and frequencies from the RUK solution by using the
equivalent length, Eq. (30), for each mode and aspect ratio. The
results are compared in Fig. 4 with the findings from finite element
analysis for plates of several aspect ratios.

In this case, the agreement is quite good for plates of low aspect
ratio (i.e., a/b < 1), even in the higher modes, but decreases notably
at the higher aspect ratios (i.e., /b > 2). In this frequency range,

SSSF (G = 2.07 Mpa, 300 psi)
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Fig. 4 Loss factors for simply supported plates with free edge as
predicted by FEA and MEL solutions.
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Fig. 5 Loss factors for square plates with one free edge (SSSF).

modes for a/b = 3.5 include only those with no longitudinal nodes,
that is, m = 1 only, whereas mode shapes at a/b =2 are more
complex.

The predictions of loss factor and frequency for a/b =1 are
shown in greater detail in Fig. 5. The agreement for some modes is
very good, that is, the sixth (n = 1, m = 3), butis significantly less so
for the seventh (n = 3, m = 2).

D. Simply Supported Ends, Free Edges

As the plate with simply supported ends at x = 0 and x = a and
free sides aty = O and y = b (SFSF) also has a separable solution, the
transcendental equation for the eigenvalues may be obtained. Once
again, however, the eigenvalues depend on Poisson’s ratio. The
transcendental equation as given elsewhere [13] was developed and
solved numerically for the eigenvalues at v = 0.33. These were used
to determine the equivalent length for each mode and aspect ratio.
Loss factors for plates of several aspect ratios as found with the MEL
solution are compared in Fig. 6 with the findings from finite element
analysis.

Once again, the agreement in the case of the plate with low aspect
ratio (a/b = %) is quite good, with deviations becoming more
significant for higher modes and higher aspect ratios. Significant
discrepancies occur for a/b =2 when the longitudinal nodal line
appears.

In other work [18], the same finite element model was applied to a
evaluation of loss factors and frequencies for the beamlike bending
modes of narrow plates (a/b = 14) with free sides and simply
supported ends. In that case, the CLDT was the same as that of the
present, except that a value of G = 100 psi (0.69 MPa) was used.
Discrepancies between the MEL and finite element solutions were
found to increase with mode number, but remained below 3% for all
of the first five modes of this type (Rt{w} < 2700 Hz). It is therefore
concluded that the simplifying assumptions of the RUK theory lead
to less satisfactory approximations of the deformation fields at higher
modes and with the more complex transverse variations in
displacement occurring in wider plates.

An examination of the results at a/b = 3.5 is of particular interest.
The first four frequencies of a simply supported beam of the same
length, but without CLDT, are shown for reference on the abscissa of

SFSF (G = 2.07 MPa, 300 psi)
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Fig. 6 Loss factors for simply supported free plates as predicted by
FEA and MEL solutions.
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Fig. 7 Loss factors for SFSF plates, a/b = 3.5.

Fig. 7. Two modes of the damped plate occur near each of the second,
third, and fourth beam frequencies. For the symmetric mode without
longitudinal nodes, the solutions (CE) from finite element analysis
are in quite good agreement with the values obtained by using MEL.
However, the agreement in both loss factor and frequency is not as
good for the adjacent mode with a more complex displacement field.

E. Cantilever Plate

The cantilever plate, that is, the plate with one clamped and three
free edges (CFFF or CANT), is of particular interest. It is often used
in experimental investigations as the boundary condition can be quite
simply simulated in the laboratory. Results for three values of aspect
ratio are given in Fig. 8. Note that the finite element results (CE) are
for v =0.33, whereas the MEL results found with an equivalent
length are for v = 0.30.

In this case, however, there is no means of developing an
analytical solution from which the eigenvalues may be determined.
Accordingly, approximate eigenvalues for a plate with Poisson’s
ratio of 0.3 were taken from the literature [13] and used to determine
the equivalent lengths for various modes at several aspect ratios. The
real part of the modulus of the shear (damping) layer was reduced to
G = 100 psi (0.69 MPa) for these calculations to move the damping
peak to lower modes.

In general, the agreements at the lowest modes are about the same
as for the other boundary conditions. However, for the modes near
the damping peak the discrepancy appears to exceed 20%. The mode
with anomalously high damping (CE-2 at ~1100 Hz) is a two-stripe
or chord wise bending mode. This mode did not show exceptionally
high damping at lower aspect ratios.

Once again, it is of interest to examine in some greater detail the
results at a higher aspect ratio. The finite element results (CE) are
shown in Fig. 9 for an aspect ratio of 3.5. The frequencies of the first
three modes of the bare beam (a/b = oc0) are also shown, and it is
seen that the plate with CLDT has two modes near each of the second
and third beam frequencies. For one if these, a beamlike bending
mode, the agreement in loss factor is quite good, whereas for the
other, a more complex mode shape with nodal line, the discrepancy is
much greater. A noticeable difference in frequency also appears at

CANT (G = 0.69 Mpa, 100 psi)
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Fig. 8 Loss factors for cantilever plates as predicted by FEA and MEL
solutions.
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Fig. 9 Loss factors for CFFF plates, a/b ~ 3.5.

the highest modes shown. As in the case of the SCSC plate, the end
condition for the constraining layer at the clamped edge does not
match that which is implicit in the RUK analysis for the simply
supported beam.

F. Free-Free Plate

The final boundary condition considered is that of the rectangular
plate, free on all four sides (FFFF). No analytical solution from which
eigenvalues may be extracted is available. However, as in the case of
the cantilever plate, extensive numerical studies have been
undertaken for the determination of approximate frequencies. Such
values have been assembled by Leissa [13] from various sources.
Loss factors and frequencies determined from the complex
frequencies obtained by finite element analysis are shown in Fig. 10,
and are compared with the predictions of the RUK analysis using
equivalent lengths as determined from Eq. (30) with the approximate
eigenvalues. Results from finite elements (CE) are for v = 0.33;
results from MEL are for v = 0.30.

For this boundary condition, significant differences are seen at the
lower frequencies. The anomalous behavior of the first two modes,
wherein the first mode of the square plate (CE-1) has higher damping
than the second, is a reversal of general trend and is without
explanation. For the higher modes, agreement between the two
solutions is similar to that observed for other boundary conditions.

V. Application to Design

For the purpose of evaluating the accuracy of predictions from the
MEL, system parameters were deliberately chosen so that the
damping peak occurred at relatively high modes. In an actual design
process it is likely that certain modes are of particular interest, but the
initial choice of parameters would lead to a damping peak at other
than the desired modes (frequencies). However, an estimate of the
necessary parameters can be obtained from a preliminary calculation.
Because the location of the maximum is governed by the value of the
shear parameter, g* in Eq. (19), that is inversely proportional to the
square of the eigenvalue, and as the frequency is proportional to the
squared eigenvalue, the damping peak may be moved to a different
mode by selecting a new combination of the parameters in the real
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Fig. 10 Loss factors for FFFF plates as predicted by finite element
analysis and MEL solutions.

partof g*; see Eq. (9). The choice of a new value for the ratio of G/t
(taking into account the actual frequency dependence of the storage
modulus), changed in proportion to the ratio of desired and present
frequencies of the maximum loss factor, will then move the
maximum loss factor close to the desired mode. This process may be
used to reduce significantly the number of iterations required in the
actual calculations upon which the final design will be based.

As an example, we consider the predictions for the SCSC and
FFFF modes. In both cases, the initial choice of parameters
(including G = 300 psi or 2.07 MPa) led to a damping peak at the
modes having frequencies around 1200 Hz. See Figs. 3 and 10. The
shear parameter, Eq. (21), is proportional to the square of the length,
or to the inverse of frequency. If it is desired to move the damping
peak to the modes having frequencies of about 400 Hz, the longer
wavelength of the lower modes will lead to a shear parameter that is
too high for optimal damping. Thus, the shear parameter must be
reduced by the same factor as the desired frequency change. This
may be achieved by increasing the thickness of the shear layer by a
factor of 3 or by reducing the shear modulus by a factor of 3. The loss
factors and frequencies found by the method of effective lengths and
FEA for the SCSC and FFFF plates with the same CLDT as used to
obtain the results of Figs. 3 and 10, except for the reduction in the
storage modulus of the shear layer to G = 100 psi (0.69 MPa), are
shown in Figs. 11a and 11b.

As may be seen from Fig. 11a, this process is quite effective in
moving the damping peak to the desired modes in the case of the
simply supported, clamped plate. In the case of the FFFF plate of
Fig. 11b, the adjustment in shear parameter led to a doubling of the
loss factors of the lowest modes. However, the frequency of the
modes at the damping peak has been lowered to about %, rather than
the desired %

A comparison of the success of the MEL in predicting the peak
loss factors for different boundary conditions (SCSC, Fig. 3; SSSF,
Fig. 4; SFSF, Fig. 6; CFFF, Fig. 8; FFFF, Fig. 10) suggests that the
deviations from the FEA predictions generally increase as the
number of free edges is increased. This trend is also evident in
Figs. 11a and 11b. Jones [6] noted, in the case of beams, that the
effectiveness of the predictions for the lower modes could be
improved if empirical correction factors were applied in the process
of eigenvalue replacement. The comparisons given here suggest that
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Fig. 11 Loss Factors for plate with CLDT after reducing the shear
modulus: a) opposing sides clamped (SCSC); b) all edges free (FFFF).
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such a process might also be useful in the case of plates, but more so
in the presence of free, rather than clamped, edges.

VI. Limitations

The comparisons given here of loss factors and frequencies
extracted from a finite element analysis with those resulting from the
application of the method of equivalent lengths are subject to several
limitations.

1) Only a single configuration for the constrained layer damping
treatment was considered. However, the loss factor for a CLDT is
governed by just two parameters, the shear parameter g* and a
coupling parameter Y. As the first of these contains the eigenvalue, it
serves as a surrogate variable for wavelength. By considering many
modes, that is, many wavelengths, significant variations in the shear
parameter g* have in fact been considered. But the single value of the
coupling parameter (¥ = 0.360) used in all these comparisons is that
characteristic only of the constrained layer damping treatments
applied on existing structures to increase damping. In the case of the
symmetric sandwich beam with thin core, for example, the value of Y
is typically greater than three. Thus, the observations made here may
not be applicable to such configurations.

2) The complex modulus of the shear layer was taken to be the
same at all frequencies. Thus, the calculations given here do not
represent the actual behavior of a CLDT with a truly viscoelastic
shear layer for which the storage modulus and loss factor would vary
significantly with frequency. The results are applicable only for the
purpose intended, that is, the mode by mode (i.e., frequency by
frequency) comparison of predictions by two methods.

3) In the finite element analysis for each plate boundary condition,
only one end condition for the constraining layer was considered. For
a simply supported or free edge, the constraining layer end was taken
to be free of in-plane force so that the strain in the shear layer at the
end is not zero. For the clamped edge, the end of the constraining
layer was taken as being fixed to the plate so that the shear strain at
that end is zero. The method of equivalent lengths cannot account for
other constraining layer end conditions, and these influences can be
significant [18,19].

4) Finally, only the classic RUK model was employed. Although it
is likely that improved solutions, taking into account such factors as
the inability of the soft shear layer to maintain constant separation
between constraining layer and plate [20], would improve
agreement; the increased complexity would compromise the ability
to obtain the quick estimates necessary for use in preliminary design.

VII. Conclusions

A method of equivalent lengths has been considered and evaluated
as a means for providing quick estimates of the loss factors and
frequencies of rectangular plates with general boundary conditions,
fully covered on one side with a CLDT.

The motivation for this approach arises from two observations.
First, that the expressions for the loss factor and frequency of the
simply supported plate with CLDT and the simply supported beam
with CLDT take identical forms. The second observation is that, in
both cases, the complex frequency (from which the natural frequency
and the loss factor may be found) depends on only three parameters:
1) a coupling coefficient, dependent only on a certain combination of
the parameters of the CLDT and not on the lateral dimensions; 2) the
dimensional eigenvalue, that does depend on the lateral dimensions,
but not on the CLDT parameters; and 3) a shear parameter, which
depends both upon a second combination of the parameters of the
CLDT and the lateral dimension through the eigenvalue.

The second observation was used to suggest that the loss factor and
frequency of a rectangular plate of any boundary condition and
CLDT might be approximated by those of an equivalent simply
supported plate with the same CLDT and eigenvalue. The first
observation was then used to suggest that that equivalent simply
supported plate might be related to a simply supported beam of an
equivalent length, the loss factor and frequency of which might be
found from the results of the Ross, Ungar, and Kerwin analysis.

Thus, through this two-step process, an estimate of the loss factor and
frequency of a rectangular plate with constrained layer damping
treatment and any boundary conditions may be found from the RUK
solution.

Although the relationship between loss factor and frequency
resulting from the method of equivalent lengths is the same for all
aspect ratios and modes for a given CLDT configuration, it is still
necessary to know either the eigenvalue a priori for the aspect ratio,
boundary condition, and mode of interest, or to determine it from the
bare plate frequency of the plate to which the damping treatment is to
be applied. This is necessary so that the eigenvalue of the specific
mode of interest may be used to determine the equivalent length for
use in the RUK solution for the loss factor and frequency.

Predictions obtained through the method of equivalent lengths
were compared with evaluations by finite element analysis of
frequencies and loss factors of rectangular plates with various
boundary conditions. In addition to the simply supported plates,
consideration was given to the plate with two edges simply supported
and two edges clamped, three edges simply supported and one edge
free, two edges simply supported and two edges free, one edge
clamped and three edges free, and to the plate with four free edges. In
general, the estimates tended to be somewhat less satisfactory when
the number of free edges was increased. With the exception of the
lowest modes of the free—free plate, agreement over a wide range of
modes and aspect ratios was within 20%, with isolated instances of
differences up to about 30%. Some portion of the differences are
believed to be an inability of the simplified displacements assumed in
the RUK analysis to adequately represent the more complex mode
shapes arising in plates, especially in the cases of the higher modes
and larger aspect ratios.

However, the method of effective lengths has been shown [14] to
predict system loss factors for plates with no free edges that are in
much better agreement with finite element results using complex
eigenvalues than does the method of modal strain energy [21]. But
for cantilever plates and plates with all edges free, the new method
was found to be only slightly superior.

Nonetheless, it appears that estimates of loss factors and
frequencies, suitable for the preliminary design of rectangular plates
with constrained layer damping treatments, may be obtained through
the use of the equivalent length and the RUK solution. In general, the
approximation is somewhat less satisfactory in the case of the
cantilever plate, and significantly less so in the case of the plate free
on all edges. Caution should also be exercised if the ends of the
constraining layer are not free, as is tacitly assumed in the RUK
solution. However, it is to be expected that the details of the end
condition should become less significant for the higher modes, as the
influence of the end condition should diminish with an increasing
number of half wavelengths in the displacement field.

In addition to providing a useful approximation (although
generally an overestimate) of the loss factor, the method of
equivalent lengths also appears useful in identifying the
configuration at which the maximum loss factor is achieved. With
the exception of the free—free plate, the frequency at which the MEL
predicted a maximum in the loss factor was in quite good agreement
with the frequency (i.e., mode) for which the finite element analysis
predicted maximum damping.

Acknowledgment

The authors are indebted to the Air Force Institute of Technology
for providing, through the facilities sharing agreement of the Dayton
Area Graduate Studies Institute, access to the Nastran code and the
computational facilities used in this work.

References

[1] Plass, H. J., “Damping of Vibrations in Elastic Rods and Sandwich
Structures by Incorporation of Additional Viscoelastic Materials,”
Proceedings of the Third Midwestern Conference on Solid Mechanics,
Univ. of Michigan Press, Ann Arbor, MI, 1957, pp. 48-71.

[2] Ross, D., Ungar, E. E., and Kerwin, E. M., Jr., “Damping of Plate
Flexural Vibrations by Means of Viscoelastic Laminae,” in Structural



1500 TORVIK AND RUNYON

Damping, edited by J. E. Ruzicka, American Society of Mechanical
Engineers, New York, 1959, pp. 49-88.

[3] DiTaranto, R. A., “Theory of Vibratory Bending for Elastic and
Viscoelastic Layered Finite Length Beams,” Journal of Applied
Mechanics, Vol. 32, No. 4, Dec. 1965, pp. 881-886.

[4] Mead,D.J.,and Markus, S., “The Forced Vibration of a Three-Layered,
Damped Sandwich Beam with Arbitrary Boundary Conditions,”
Journal of Sound and Vibration, Vol. 10, No. 2, 1969, pp. 163-175.

[5] Rao, D. K., “Frequency and Loss Factors of Sandwich Beams Under
Various Boundary Conditions,” Journal of Mechanical Engineering
Science, Vol. 20, No. 5, 1978, pp. 271-282.

[6] Jones, D. 1. G., Handbook of Viscoelastic Vibration Damping, Wiley,
Chichester, U.K., 2001.

[7]1 Mead, D. J., “The Effect of Certain Damping Treatments on the
Response of Idealized Aeroplane Structures Excited by Noise,” Air
Force Materials Laboratory, AFML-TR-65-284, AD0473768,
Aug. 1965.

[8] Abdulhadi, F., “Transverse Vibrations of Laminated Plates with
Viscoelastic Layer Damping,” Shock and Vibration Bulletin, Vol. 40,
No. 5, 1969, pp. 93-104.

[9] Mead, D. J., “The Damping Properties of Elastically Supported
Sandwich Plates,” Journal of Sound and Vibration, Vol. 24, No. 3,
1972, pp. 275-295.

[10] Rao, Y. V. K. S., and Nakra, B. C., “Theory of Vibratory Bending of
Unsymmetrical Sandwich Plates,” Archives of Mechanics, Vol. 25,
No. 2, 1973, pp. 213-225.

[11] Christensen, R. M., Theory of Viscoelasticity, 2nd ed., Academic Press,
New York, 1982, p. 46.

[12] Voigt, W., “Bemerkungen zu dem Problem der Transversalen
Schwingungen Rechteckiger Platten,” Nachrichten von der Gesell-
schaft der Wissenshaft zu Géottingen, No. 6, 1893, pp. 225-230.

[13] Leissa, A., “Vibration of Plates,” NASA SP-160, 1969.

[14] Torvik, P. J., and Runyon, B. D., “Observations on the Accuracy of
Finite Element Predictions of Constrained Layer Damping,”
Proceedings of the 10th National Turbine Engine High Cycle Fatigue
Conference, Universal Technology Corporation, Dayton, OH, 2005.

[15] Cupial, P., and Niziot, J., “Vibrations of Unsymmetrical Sandwich
Beams and Plates with Viscoelastic Cores,” Journal of Sound and
Vibration, Vol. 34, No. 3, 1974, pp. 309-326.

[16] Rao,Y.V.K.S.,and Nakra, B. C., “Vibration and Damping Analysis of
a Three-Layered Composite Plate with a Viscoelastic Mid-Layer,”
Journal of Sound and Vibration, Vol. 183, No. 1, 1995, pp. 99-114.

[17] Soni, M. L., and Bogner, F. K., “Finite Element Analysis of
Viscoelastically Damped Sandwich Structures,” AIAA Journal,
Vol. 20, No. 5, 1982, pp. 700-707.

[18] Runyon, B. D., “The Influence of Boundary Conditions and Aspect
Ratio on Constrained Layer Damping Treatments for Beams and
Plates,” M.S. Thesis, Wright State University, Fairborn, OH, 2004.

[19] Xu, Y., Lu, Y., and Wang, B., “Revised Modal Strain Energy Method
for Finite Element Analysis of Viscoelastic Damping Treated
Structures,” Smart Materials and Structures 2002, Proceedings of the
Society of Photo-Optical Instrumentation Engineers, Vol. 4637,
International Society for Optical Engineering, Bellingham, WA, 2002,
pp. 35-42.

[20] Miles, R. N., and Reinhall, P. G., “An Analytical Model for the
Vibration of Laminated Beams Including the Effects of Both Shear and
Thickness Deformation in the Shear Layer,” Journal of Vibration,
Acoustics, Stress, and Reliability in Design, Vol. 108, 1986, pp. 56—64.

[21] Johnson, C. D., and Kienholz, D. A., “Finite Element Prediction of
Damping in Structures with Constrained Viscoelastic Layers,” AIAA
Journal, Vol. 20, No. 9, Sept. 1982, pp. 1284-1290.

K. Shivakumar
Associate Editor



